Abstract. The set of integers which can be written as the sum of four prime cubes has lower density at least 0.009664. This improves earlier bounds of 0.003125 by Ren and 0.005776 by Liu.
Introduction and results
The main result of this article is the following. Theorem 1. The set of integers which can be written as the sum of four prime cubes has lower density ω ≥ 0.009664.
The same result had been obtained by Ren [3] with a density of 0.003125, which had been improved by Liu [2] to 0.005776. Note that apart from a set of density 0, an integer, which is representable as the sum of four prime cubes satisfies the congruence conditions 2|n, n ≡ ±1, ±3 (mod 9), n ≡ ±1 (mod 7), thus the density of all integers of this form cannot be larger than 25 126 = 0.1984 . . .. The proof follows essentially the work of Ren [3] , with considerably more precise estimates of an eight-dimensional integral and the singular series. Define U = (N/(16 + δ)) 1/3 , V = U 5/6 , L = log N , and denote by r(n) the number of representations of n as n = p
(Note that the choice of the exponent 5/6 goes back to Vaughan [5] .) Observe that
, N ]. Then the following holds: Proposition 2. We have
where C = 100 552, for sufficiently small δ.
Theorem 1 follows from Proposition 2 by a simple application of Cauchy's inequality. Proposition 2 can also be used to give estimates for integrals occurring in applications of the circle method. We do not go into details here, but refer the reader to the paper [4] by Liu and Lü.
We have
6 is the cube of a prime} To bound the quantity on the right we use an upper bound sieve, that is, we first consider the set M of all integers m, such that p 
We would expect that R(m) is asymptotically equal to a local factor given by some singular series multiplied by a global factor given by an integral involving the density 1 log t of the prime numbers. Unfortunately, we cannot prove this. In fact, we cannot even prove an asymptotic formula for the number of representations of an integer as the sum of 7 cubes. However, if we average over residue classes, then we can prove such a result. This is sufficient, as a linear sieve only requires information on the mean values U≤m≤2U d|m R(m). The archimedian part of the asymptotic formula for this sum is given by the integral
while the singular series is
where
To summarize these considerations: the estimation of r 2 (n) falls into four tasks:
(1) estimate the distribution of R on residue classes (2) 
Then we have the following:
(1) S d is absolutely convergent and bounded independently of d. 
The first part of the statement is contained in Ren's result [3, Lemma 3.2], the second statement is due to Liu [2, Lemma 3.2].
Step 2
We now compute J.
Proof. As each of the variables u 1 , u 2 , u 3 , u 4 , v 1 , v 2 , v 3 , v 4 varies over its range of integration in D, it changes by a factor 8 at most. Hence its logarithm changes by O(1), and therefore
We conclude that
, where 
The total range of integration has measure ≪ V 12 U 9 , and the factors outside the innermost integral are O(V −8 U −4 ), hence this change introduces an error of
), which is also negligible. Hence
The triple integral can be computed numerically to be in the range [7.85, 7.87]. We conclude that
The reader might wonder why we did not integrate numerically from the start, however, giving a provable bound for an eight dimensional integral is quite a delicate task.
Steps 3 and 4
We now apply the weighted version of Iwaniec's sieve due to Kawada and Wooley (see [1, Lemma 9 .1]). We do not want to go into details here, as the computations are the same as in the work of Ren [3, Lemma 4.17] . We obtain
where γ = 0.577 . . . is Euler's constant, and
The singular series S d mentioned in the introduction enters into the sieve, its contribution can be seen in the structure of the product W (z). We have
7 . Using P = 4000 we obtain M = 279.551, and write
Plugging this value into the estimate above we obtain
Similarly we can estimate S 1 as
≤ 3.0963(1 + 1.19 · 10 −7 )(1 + 1.64 · 10 −10 ) ≤ 3.0964.
Putting these results together
Putting these results together we obtain The authors would like to thank the referee for useful comments on the manuscript.
